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1. Near-term quantum numerical analysis.

Quantum numerical analysis
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HLL-based methods are
fault-tolerant algorithms!

Noisy Intermediate-Scale Quantum era (NISQ era)
J. Preskill, Quantum, 2:79 (2018).

Limitations of current quantum computers

* Limited number of qubits.
* Noise sources limit the number of operations.
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Variational hybrid quantum-classical algorithms
Peruzzo, Alberto, et al., Nature communications 5: 4213 (2014).
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2. Variational quantum PDE solver.

Partial differential equations (PDE’s) of the form

[D(=iV) + VX)]f (x) = Ef (%),

withx; € [a;, b;), f(x+ (b; —a;)e;) = f(X),
f (x) bandwith — limited and D(p),V(x) € R.

We assume that the PDE is a lower bounded
Hamiltonian operator

H = D(=iV) + V(X) = Epin.

Result

argminf(f”’”f) = fargmingE(B).
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2. Variational quantum PDE solver.

Encoding of continuous functions in a variational

quantum circuit

C. Zalka, Proceedings of the Royal Society of London. Series A. 454(1969):313-322, (1998).
L. Grover and T. Rudolph, arXiv:quant-ph/0208112 (2002).

Mapping continuous functions to quantum registers
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\ J.J. Garcia-Ripoll, Quantum 5, 431 (2021).



3. Implementation and analysis of the results.

Harmonic oscillator

* Schrodinger equation

h? 62+1
om Zma) x?

 Ground state

m=w=h=1

H. Nyquist, Transactions of the
American Institute of Electrical
Engineers 47(2):617-644 (1928).
C.E. Shannon, Proceedings of the
IRE, 37(1):10-21 (1949).
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* Continuous fidelity
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* Relative error in the computation of the energy
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Parameters for the simulations

e 8192 evaluations.
* 100 repetitions.
e n+m=12.
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3. Implementation and analysis of the results.

H. Abraham, AduOffei, R. Agarwal, I. Y. Akhalwaya, and G. Aleksandrowicz et
al. Qiskit: An open-source framework for quantum computing (2019).

Optimum classical optimizer and ansatz
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* ADAM best optimizer followed by SPSA. K. Mitarai, M. Negoro, M. Kitagawa, and K. Fujii. Phys. Rev. A 98(3) (2018).
M. Schuld, V. Bergholm, C. Gogolin, ]. [zaac, and N. Killoran. Phys. Rev. A 99(3) (2019).

* ZGR s the best variational ansatz as the state is smoothly constructed, contrary to the chaotic nature of Ry (trapped in local minima

forn > 3). J. R. McClean, S. Boixo, V. N. Smelyanskiy, R. Babbush, and H. Neven.
Nature Communications, 9(1) (2018).

« Low infidelities of order 10™> — 10™3 despite the statistical uncertainty in the evaluation of the cost function.



3. Implementation and analysis of the results.

Wavefunction and optimization trajectory

* Relative error below the statistical uncertainty.
* We recover the wavefunction with high fidelity using Fourier interpolation.

3 qubits
ZGR ansatz
ADAM optimizer
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3. Implementation and analysis of the results.

Increase in the number of evaluations

The precision of the algorithm is limited by the number of evaluations in the quantum computer, as the more
evaluations the better the estimate of the expectation value.
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3. Implementation and analysis of the results.

Noisy simulation

(R, depth 1 + SPSA optimizer for the harmonic oscillator using the ibmq_santiago simulator)

 Noise resilient for a small (3) number of qubits, with infidelity of order 1074,

» Very significant error in the energy.
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3. Implementation and analysis of the results.

Error mitigation (zero-noise extrapolation)
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A. Kandala, K. Temme, A. D. Cércoles, A. Mezzacapo, ]. M. Chow,
and J. M. Gambetta, Nature 567(7749):491-495 (2019).

Thermal relaxation (ibmg_santiago
simulator).

R,, ansatz with depth 1 and 3 qubits for
the harmonic oscillator optimum solution.
[t admits 5-th order Taylor expansion.

1
E(T,) = E, +anﬁ
1

n

Richardson extrapolation with energy
error € ~ 1072 for state of the art
thermal relaxation times.

10



4. Conclusions and future work.

Conclusions

* We have developed a variational quantum algorithm to solve Hamiltonian PDE’s based on
Fourier interpolation to represent continuous functions in quantum registers, and new
variational ansatze suited to describe continuous functions, or which include symmetries.

* We have obtained high fidelity results under ideal and noisy circumstances.

Future work

* Reduce the cost using new ansatze and less demanding gradient techniques.

R. Sweke, F. Wilde, J. Meyer, M. Schuld, P. K. Faehrmann, B.
Meynard-Piganeau, and J. Eisert, Quantum 4:314 (2020).

* Consideration of quantum-inspired methods (tensor networks). | carcia-Ripol, Quantum 5 431 (2021).
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