
Variational quantum algorithm for eigenvalue problems of a 
class of Schrödinger-type partial differential equations

Authors

Paula García-Molina, Javier Rodríguez-Mediavilla and Juan José García-Ripoll

Quantum Science Seminar #56: Hot Topics
July 15th 2021

arXiv:2104.02668 [quant-ph]

QUINFOG
Quantum Information
and Foundations Group

FPU Grant FPU19/03590

FRONTIERS IN QUANTUM SIMULATION

PGC2018- 094792-B-I00

https://arxiv.org/abs/2104.02668


• Systems of equations

• Ordinary differential equations (ODE’s)

• Partial differential equations (PDE’s)
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1. Near-term quantum numerical analysis.
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Noisy Intermediate-Scale Quantum era (NISQ era)

Limitations of current quantum computers

• Limited number of qubits.
• Noise sources limit the number of operations.
• …

HLL-based methods are 
fault-tolerant algorithms!

Solution:
Variational hybrid quantum-classical algorithms

J. Preskill, Quantum, 2:79 (2018).



2. Variational quantum PDE solver.
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Partial differential equations (PDE’s) of the form

𝐷 −𝑖∇ + 𝑉 𝐱 𝑓 𝐱 = 𝐸𝑓 𝐱 ,

𝐻 = 𝐷 −𝑖∇ + 𝑉 𝐱 ≥ 𝐸min.

with 𝑥𝑖 ∈ 𝑎𝑖 , 𝑏𝑖 , 𝑓 𝐱 + 𝑏𝑖 − 𝑎𝑖 𝐞𝐢 = 𝑓 𝐱 ,
𝑓 𝐱 bandwith − limited and 𝐷 𝐩 , 𝑉 𝐱 ∈ ℝ.

We assume that the PDE is a lower bounded
Hamiltonian operator

argmin𝑓 𝑓 𝐻 𝑓 ≤ 𝑓argmin𝜽𝐸 𝜽 .

Result



2. Variational quantum PDE solver.
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Encoding of continuous functions in a variational 
quantum circuit

Symmetry embedding

Mapping continuous functions to quantum registers

𝑓 𝑥 ∝ ෍

𝑠=0

2𝑛−1

𝑒−𝑖𝑝𝑠𝑥 ⟨𝑠 ෠ℱ 𝑓(𝑛)⟩

𝐷 Ƹ𝑝(𝑛) ≔ ෠ℱ−1෍

𝑠

𝐷 𝑝𝑠 |𝑠⟩⟨𝑠| ෠ℱ

1𝑠1…𝑠𝑛−1 𝑓
𝜆⟩ = −1 𝜆 0 ҧ𝑠1… ҧ𝑠𝑛−1 𝑓

𝜆⟩, 𝜆 = 0,1

ZGR ansatz

J. J. García-Ripoll, Quantum 5, 431 (2021).
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𝑥𝑠
𝑛
= 𝑎 + 𝑠𝛥𝑥, with 𝑠 ∈ 0,1,… , 2𝑛 − 1 and Δ𝑥 =

𝐿𝑥

2𝑛
.

𝑉 ො𝑥(𝑛) ≔෍

𝑠

𝑉 𝑥𝑠 |𝑠⟩⟨𝑠|
𝑝𝑠 =

2𝜋

Δ𝑥(𝑛)2𝑛
× ቊ

𝑠, 0 ≤ 𝑠 < 2𝑛−1

𝑠 − 2𝑛, otherwise

Quantum representation of the operators

Fourier interpolation



3. Implementation and analysis of the results.
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Harmonic oscillator

• Schrödinger equation

−
ℏ2

2𝑚
𝜕𝑥
2 +

1

2
𝑚𝜔2𝑥2 − 𝐸 𝑓 𝑥 = 0

𝑓0 𝑥 =
1

𝜋1/4
𝑒−𝑥

2/2
• Ground state

𝑚 = 𝜔 = ℏ = 1

𝐿𝑒𝑓𝑓 = 2𝜋2𝑛

H. Nyquist, Transactions of the 
American Institute of Electrical 
Engineers 47(2):617–644 (1928).
C.E. Shannon, Proceedings of the 
IRE, 37(1):10–21 (1949). 

Figures of merit

𝐹∞ ≔ lim
𝑚→∞

𝑓 𝑛+𝑚 𝑈int
𝑛,𝑚𝑊 𝜽opt 0⊗𝑛 2

∝ ∫ 𝑓obj
∗ 𝑓int𝑑𝑥

2

𝜀 =
𝐸𝑡𝑛 − 𝐸opt

𝐸1 − 𝐸0

• Continuous fidelity

• Relative error in the computation of the energy

Parameters for the simulations

• 8192 evaluations.
• 100 repetitions.
• 𝑛 + 𝑚 = 12.



3. Implementation and analysis of the results.

6

• ADAM best optimizer followed by SPSA.

• ZGR is the best variational ansatz as the state is smoothly constructed, contrary to the chaotic nature of 𝑅𝑌(trapped in local minima
for 𝑛 > 3).

• Low infidelities of order 10−5 − 10−3 despite the statistical uncertainty in the evaluation of the cost function.

Optimum classical optimizer and ansatz
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Wavefunction and optimization trajectory

• Relative error below the statistical uncertainty.
• We recover the wavefunction with high fidelity using Fourier interpolation.

3 qubits
ZGR ansatz
ADAM optimizer



3. Implementation and analysis of the results.

8

Increase in the number of evaluations

The precision of the algorithm is limited by the number of evaluations in the quantum computer, as the more 
evaluations the better the estimate of the expectation value.

×
1

2



3. Implementation and analysis of the results.

Noisy simulation

• Noise resilient for a small (3) number of qubits, with infidelity of order 10−4.
• Very significant error in the energy.

9

(𝑹𝒚 depth 1 + SPSA optimizer for the harmonic oscillator using the ibmq_santiago simulator)



3. Implementation and analysis of the results.

• Thermal relaxation (ibmq_santiago
simulator).

• 𝑅𝑦 ansatz with depth 1 and 3 qubits for

the harmonic oscillator optimum solution.
• It admits 5-th order Taylor expansion.

𝐸 𝑇1 = 𝐸0 +෍

𝑛

𝜖𝑛
1

𝑇1
𝑛

Error mitigation (zero-noise extrapolation)

• Richardson extrapolation with energy
error 𝜀 ∼ 10−2 for state of the art 
thermal relaxation times.
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4. Conclusions and future work.
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Conclusions

• We have developed a variational quantum algorithm to solve Hamiltonian PDE’s based on
Fourier interpolation to represent continuous functions in quantum registers, and new
variational ansätze suited to describe continuous functions, or which include symmetries.

• We have obtained high fidelity results under ideal and noisy circumstances.

Future work

• Reduce the cost using new ansätze and less demanding gradient techniques.

• Consideration of quantum-inspired methods (tensor networks).
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